Solutions (Practice Test 2)
(Revised April 8, 2009)

1) Homogeneous coefficients

ydr — x(2x + 3y)dy = 0

letz = uy oru =x/y

yvdr = (2u*y? + 3uy?)dy = (udy + ydu)l = (2u® + 3u)dy
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2) Homogenous coeff's and Bernoulli's eq
y(z + 3y)dx + 22dy = 0
Y = VT OTV = Y

T
(vz? + 3v*z?)dx + 2?dy =0 =

(v+3v*)dz +vdx + 2dv=0 =
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3) Bernoulli's Equation
622dy — y(x + 2y°)dx = 0
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Homogeneous Coefficients
(32y + 2xy?)dx + (42> + Sx?y)dy = 0
let y=wzr = dy=wdr+zxdw = w= e
(3x?wx + 2zw?x?)dx + (423 + Sx*wr)dr = 0
Factor out 22 and replace for dy.
(3w + 2w?)dx + (4 + 5w)(wdz + rdw) = 0
(Bw + 2w? + [4w + bw?])dx + (4 + 5w)xdw = 0
(Tw + Tw?)dz + (4 + 5w)zdw = 0
Tdx 4 4+ bw

dw =20

x +w(w—|—1)
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445w =a(w+ 1)+ bw

w=0 = 4=a

w= -1 = - —b = b=1
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Tinzx+4ilnw+In(w+1)=InC
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= 2yt (z+y)=C.

An alternative method- using a spectial integrating factor.
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(32%y + 2xy?)dx + ( 4x + 52%y)dy = 0

oM  ON
9y or = (32% + 4dzy) — (122° + 10zy) =
— 922 — 6xy.
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The integr. factor is e Y —et Y =3y
3

Mult. the DE by * and we get the exact DE

(3332y4 + 221°)dx + (431> + 5x2y4)dy =0

F(z,y) = *y* + 2%y° and the solution is
Pyt + 22" = C or 22yt (z +y) =C.

1. m>—m—-2=0 = (m—2)(m+1)=0
= m=20r —1
Ans: y = cie* + coe ™



m>+5m+6=0 = (m+3)(m+2) =0
= m= —30r —2
Ans: y = cie 3" + cpe

m2+10m+25=0 = (m+5°=0 =
m = — 5 is a root of mult. 2
Ans: y = cie % 4 coxze

m= —1+i/3

Ans: y=¢e" (clcos\/ga: + CQSin\/gx)

m=1+/6

Ans: y = cie

(V)2 4 0ye1-V0)

Yp = asin dx

y, = — 25asin 5z

(D? +16)y, = — 25asin 5z + 16asinbr = — 9Yasin bz
=sinbr = a= —1/9

1
Ans: y= — §sin 5 + cicosdx + cosindx

y=Ae * + Be¥* = y(0)=A+B=1

Y = —4Ae ™" + 3B’ = (0)= —4A+3B=0
—3A—-3B= -3

—4r+3B=0

—7TA= -3 = A=3/7Tand B=4/7

Ans: y = %e‘“ + %e?’x

y = Ae” + Bxe”

y = Ae” + Be” + Bxe® = (A + B)e® 4+ Bxe®
y(0)=0=A4; y(0)=2=A+B = B=2
Ans: y = 2ze”



yp = ke*™; o) = dke*”
(D* — 1)y, = 4ke* — ke*” = 3ke* =e” = k=1/3

1
y=Ae"+Be "+ - = y(0)=A+B+1/3=0

3
2
y’:Ae‘"”—Be‘“rge?f = /(0)=A—-B+2/3=0
A+B=-1/3
A-—B= -2/3
2= -1 = A=-1/2and — 5 +B= -1 =
B=1
11 1
Ans: Y= — 5633 + ée_x + 562x
Yy = kxcosdx
y, = kcos bx — Skxsin 5x
y, = — 10ksin 5z — 25kxcos 5z
(D? + 25)y, = — 10ksin 5z — 25kxcos bz + 25kzcos Sx
1
= — 10ksindbx = sinbx = k= 10
1
Ans: y = — —xcosbx + c1sindxr + cocosHx

10

Yy, = kxed”
y, = ke + 3kxe’”
Yp = 3ke3® + 3ke3* 4 9kxed” = 6ke3” + Okxed?
(D? — 9)y, = 6ke> + 9kxe™ — 9kze’® = 6ke” = 37
= k=1/6
1

Ans: y = c;1€> + coe P + 6336396

Yo = 127 + cpe”

yp =a+bx; y,=0b; y, =0

(D?*+3D +2)y, =0+ 3b+ 2a + 2bx =
(2a+3b)+(2)x=1+2 = 20=1 = b=

1

2

1
2
= a= —

> =

3
= 2a—|—3b:2a—|—§:1 = 20 = —

1 1 —2x —T
Ans:y:—i—l—?z:—l—cle + coe



4. Yo = 1 + coe?”

yp = ks y, = k; y, =0
(D*—4D)y,=0—-4k=10 = k= —

DO | Ot

5
Ans: y = ¢; + e’ — 3%

5. Yo = 157 + cpe”
Yp = asin 3z + bcos3r <= x 3
Yy, = 3acos 3x — 3bsin 3r <= x 4
Y, = — 9asin 3z — Ybcos 3r <= x 1
(D? +4D + 3)y, =
(—9a — 12b + 3a)sin 3z + ( — 9b + 12a + 3b)cos 3x
(—6a — 12b)sin 3x + (12a — 6b)cos 3x = sin 3z

Therefore — 6a — 12b=1 and 12a — 6b =0
—6a—12b=1
6a —3b=0

1
—15b =1 = - =
= b 15

1b N 1
a —= — a = — —
2 30

Ans: y = cre " + cpet — %sin 3r — 15608 3z

: cos 3x sin 3x
Wlcos 3z, sin3z] = | _ 3sin3x 3cos3x|
3cos?3x + 3sin?3x = 3(1) =3 #0.

Therefore the functions are linearly independent.

Let y be an arbitrary function where the necessary derivatives exist.
D(zD - 1)y = D(zDy —y) = D(zy —y) = D(zy) —y =

1y/ + azy” _ y/ — xy” — xDQy.
Therefore the 2 operators D(xD — 1) and = D? are equal.

mEA2mE5=0 = (milP= 4 > m= 12
Y. = e *(acos 2z + bsin 2x)



yp = ke™*
(D* 42D + 5)ke ™ = ke™® — 2ke™ + S5ke " = 4ke™™
=8 " = k=2

y = e "(acos2x + bsin2x) + 2e~ "
y = — e "(acos2x + bsin 2x) +

e *( — 2asin 2x + 2bcos 2x) — 2e” "
y0)=0 = a+2=0 = a= —2
J0)=8 = —la+2-2=8 = 24+20-2=8 = b=4

Ans: y = e *(4sin 2z — 2cos 2x) + 2e "

The aux. equationis m? —2m —-3=0 = (m—3)(m+1) =0

= m=3 m= —1.
=] e3® + Che™®

yp=ax’ +br+c < x —3

Y, =2ax+b <= x —2

Yy, = 2a

(D? — 2D — 3)y, = 2a — dax — 2b — 3az® — 3bx — 3¢
= —3ax’ + (—4a — 3b)z + (2a — 2b — 3¢) = 32> — 5

—3a=3 = a=—-1;, —4a—-3b=0 = —3b= —
= b=4/3
20 —2b—3c= —5

8 1 1
—2—=—3c= -5 — =3 = —
3 c = 3 c = ¢ 9
Ans: y=cie’ + e —x —I—é -I—1
S Yy=a 2 3 9
1+ cos2x

Note that 12cos?z = 12

(D* 4+ 1)y =6 + 6cos 2z

(D2+1)y:6 has y, =6

(D? + 1)y = cos 2z has sol. of form y, = kcos 2z

(D? + 1)y, = — 4kcos2x + kcos 2z = — 3kcos 2x = 6cos 2x

5 = 6(1 + cos 2z)

Ans: y = cicosx + cosinx + 6 — 2cos 2x



8L/min = TANK = 10L/min
Let :(¢) be the volume of acid in fank at any time 1.
At time t, the volume in tank is 180 — 2¢

inputrate = 10% x 8L/min = (.1)(8) =0.8
10z oT

output rate = T si0= =

P 180 — 2t 180 -2t 90—t
a% = input rate — output rate

dz 5%%

— =0.8 —

dt 90 — ¢t

dx 5x

8
2 T 503 = 10 Where=(0) = (.06)(180) = 10.8

This DE is linear and it has an integrating factor of
bdt

90—t = —5n(90—1) _ (90 — )"
The solution to DE is

4 —4
(90 —t) " = g/(90 — 1) Pdt = ?/u_5du
1
5(90—15)‘4 +C =

1
x:g(90—t)—|—0(90—t)5
7.2
=1 5C = 10. = - =
2(0) 18+90C 7;)8 = C 505
z(t) = =(90 — t) — —=(90 — ¢t)°

5 90°



